G-FANO THREEFOLDS, II 



YURI PROKHOROV 

Abstract. We classify Fano threefolds with only Gorenstein ter- 
minal singularities and Picard number greater than 1 satisfying 
an additional assumption that the G-invariant part of the Weil 
divisor class group is of rank 1 with respect to an action of some 
group G. 



1. Introduction. 

This work is a sequel to |ProlO] . 

1.1. Let X be a Fano threefold with at worst terminal Gorenstein 
singularities defined over a field Ik of characteristic 0. Assume that a 
group G acts on A := X ®k k, where k is the algebraic closure of k. 
Moreover, we assume that A, G and k satisfy one of the following two 
conditions. 

(a) Algebraic case. G is the Galois group of k over k acting on A 
through the second factor. The action of G on A is trivial. 

(b) Geometric case. The field k is algebraically closed, G is a finite 
group, and the action of G on A is given by a homomorphism 
G ^ Autk(A). 

We say that A is a G-Fano threefold if A has at worst terminal Goren- 
stein singularities, —Kx is ample, and 

(1.1.1) Cl(A)'^ is a subgroup of rank 1 containing —Kx- 

where CI (A) is the Weil divisor class group of A. We refer to the in- 
troduction in |Pro09j . |ProlO] . and |ProlOb] for the motivation behind 
this definition. 

In this paper we give a classification of one class of Gorenstein G- 
Fano threefolds. More general we assume that the group G acts only 
on the Picard lattice Pic (A) in an appropriate way (so we do not 
assume that G acts on the variety itself). 
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1.2. Theorem. Let X be a smooth Fano threefold over an alge- 
braically closed field of characteristic 0. Assume that p{X) > 1 and 
a finite group G acts on Pic(X) preserving the intersection form and 
the class c\ = [—Kx]- Furthermore, assume that Pic(X)'^ ^ Z. Then 
X is one of the varieties in the table below. 



No. p{X) -K\ X 



(1.2.1) 


2 


12 


Let C be the image of the Segre em- 
bedding of P2 X P2 and let Yq C P^ be the 
projective cone over Yg. Then X is an inter- 
section of Yg with a hyperplane and a quadric 


(1.2.2) 


2 


20 


X is an intersection of three divisors of bide- 
gree (1, 1) in P^ x P^ 


(1.2.3) 


2 


28 


Let (T : y — i- P^ be the blowup with center a 
Veronese surface. Then X is an intersection 
of Di e |a*^p5(l)| and D2 e |a*^p5(2) - E\ 
where ii^ is the exceptional divisor 


(1.2.4) 


2 


48 


Vg C P^ X P^, a divisor of bidegree (1,1) 


(1.2.5) 


3 


12 


X is a double cover of P-*^ x P^ x P^ whose 
branch locus is a member of — i^'pixpixpi 


(1.2.6) 


3 


30 


X is an intersection of divisors of tridegrees 
(0, 1, 1), (1, 0, 1), (1, 1, 0) in P2 X P2 X P2 


(1.2.7) 


3 


48 


X = pi X pi X pi 


(1.2.8) 


4 


24 


X C P^ X pi X pi X PMs a divisor of multi- 
degree (1, 1, 1, 1) 



1.2.9. Remark. It is easy to see that all the Fano varieties in the 
table, except for fll.2.ip and (ll.2.5p . are rational. Varieties fll.2.ip and 
([TXB]) are not rational (see |AB92] l 

Theorem 11.21 will be proved in Sect. El In Sect. ^ we give several 
examples. Sections [3] and H] are preliminary. Finally, in Sect. |6] we 
investigate singular G-Fano threefolds with p{X) > 1. 
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Notation. We work over an algebraically closed field Ik of character- 
istic 0. By Ci G Pic(X) we denote the anticanonical class —Kx of X, 
C1(X) denotes the Weil divisor class group. 

Acknowledgments. I would like to thank Sergei Galkin for useful 
comments. 

2. Examples and remarks 

2.1. Remark. By construction, in all cases except for f ll.2.5p and 
f ll.2.7p the variety X is a complete intersection of certain Cartier divi- 
sors in some higher-dimensional variety Y , where Y = Yq m the case 
f lTXT]) . F = p3 X P3 in the case ( ITX^ . Y = Y' in the case (fT^ . 
r = p2 X p2 in the case ffT^ . F = P^ x P^ x P^ in the case (HZS]), 
and F = pi X P^ X P^ X PMn the case (fT^ . The embedding X C F 
is canonical. This means, in particular, that automorphisms of X are 
induced by those of Y . 

Below we give some comments on the varieties in the table. 

2.2. Case (11.2. ip . The variety X can be one of the following two 
types: 

a) X C P^ X P^ is a divisor of bidegree (2, 2), or 

b) X is a double cover of Ve C P^ x P^ (see fll.2.4p ). whose branch 
locus is a member of | — Ky^ \ . 

2.3. Case f ll.2.2p . The variety X is the blow-up of P^ along a curve 
of degree 6 and genus 3 which is an intersection of cubics. Indeed, two 
projections /j : X — > P^ are blowups of some smooth curve C C P^. 
Easy computations show that C must satisfy the above conditions. 

Conversely, let X be the blow-up of P'^ along a curve of degree 6 
and genus 3 which is an intersection of cubics. By |MM83t §5] on 
X there are two blowup structures /j : X — )■ P^ of this type. These 
two contractions induce a map / = /i x /2 : X — )■ P^ x P'^ which 
must be finite and birational onto its image. Consider the compo- 
sition /' : X ^ P^ X P^ A P^^, where s is the Segre embedding. 
Let Mi := /*^p3(l). Then -Kx = + M2. By Riemann-Roch 
dim I — Kx\ = 12. Therefore, /'(X) is contained into a subspace of 
codimension 3, i.e., /'(X) C s{F^ x P^) nP^^^ Since degf (X) = 20 = 
degs(p3 X P3) n Pi^ we have /(X) ~ /'(X) = s{F^ x P^) n P^^. By 
subadj unction, Kx = f*Kf(^x) —B, where B is an effective divisor de- 
fined by the conductor ideal. Since, ^/(x) = 1, —I), we have 
B = 0. Therefore, /(X) is normal and /(X) ~ X. 
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2.3.1. Example (cf. [Kat87j ). Let {ciij), {bij), (cjj) be symmetric 
4 X 4-matrices and let X C ^xi...,x4 ^ ^yi ,y4 given by the equations 

If (a-ij), (Qj) are taken sufficiently general, then X is a smooth 

Fano threefold of type fll.2.21) . The group acts on X by Xi yi. 
The induced birational involution is cubo-cubic, it is given 

by the linear system of cubics passing through the center of blowup 
C C P^. The exceptional divisor is sweep out by trisecants of C and 
it is a surface F C P^ of degree 8 with multiplicity 3 along C |Kat87j . 

2.4. Case fll.2.3p . It is easy to show that Y' is a Fano fivefold. Linear 
systems |^p5(l)| and |(^p5(2) —E\ define two contractions hi ^ P^ 
which are blowups of Veronese surfaces = V4 C P^ (cf. |CK89j ). In 
this case, X can be realized as the blow-up of a smooth quadric Q C P^ 
along a twisted quartic curve. Indeed, the restriction /i = hi\x is a 
birational map whose image is a quadric Q = hi{Di) fl h2{D2) C P^ 
and moreover /j is the blowup of Q along Vr\hi{Di), a twisted quartic 
curve. 

2.4.1. Example. Let C C P^ be a rational normal curve of degree 4. 
The action of the group Aut(C) = PGL2(k) naturally extends to P"^ so 
that P^ = P(S'^l^), where V is the standard representation of GL2(k). 
The representation of GL2(k) on S'^V is irreducible and can be defined 
by matrices over R. Therefore, there exists an invariant non-singular 
quadric Q <Z ¥^ containing C . Let /i : X — )■ Q be the blowup of 
C. Then X is a Fano threefold of type fll.2.3p . The PGL2(k)-action 
lifts to X and the second contraction /2 : X — Q is also PGL2(k)- 
equivariant. Let C" C Q be the center of the blowup /2. Clearly, the 
pairs {Q,C) and {Q,C') are SL2(k)-isomorphic, i.e. there exists an 
automorphism j : Q ^ Q such that 7(C) = C (because C is the only 
one-dimensional orbit on Q). Then /2 o 7 o f^^ is an involution on X. 

2.5. Case IH^TM . Here X is the blow-up of VqCF^x P^ (see ffTO]) ). 
along a curve C of bidegree (2, 2) such that the composition C ^ 
\/6 ^ X P2 4 P2 is an embedding for each projection pi, i = 1,2. 
Indeed, there are three projections vr := X — )■ P^ x P^. The image 
of each vTj is contained into a divisor V C P^ x P^ of type (1, 1) and 
TTj is birational onto its image. Hence tTj passes through a birational 
extremal contraction X ^ V V. By |MM82t Table 3] we have 
V' c:^ V , V is smooth and tTj is a blowup of a curve as above. 

2.5.1. Example (cf. |Nak89j ). Let F C P^ is a non-degenerate conic 
and let F* C P^* be its dual, the conic formed by lines that are tangent 
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to r. Consider the incidence curve 

C = {{P,L) eT xT* CF^ xF^* \ L is tangent to T at P}. 

Then C is contained into the flag variety Fl(P^) = Vq and satisfies 
conditions of fll.2.61) . The action Aut(r) = PGL2(k) extends to Ve = 
Fl(P^). Orbits of PGL2(k) on Vq are described as follows: 

• C ~ SL2{k)/B, where i? is a Borel subgroup, 

• D' and D", where D' := D' U C and D" := D" U C are 
complete surfaces isomorphic to P^ x P^ with the diagonal 
action of PGL2(k), 

• an open orbit U ~ SL2(k)/(58) where Qg is the binary quater- 
nion group of order 8. 

Let / : X — )■ Ve be the blowup of C . Then X is a Fano three- 
fold of type fll.2.61) admitting a PGL2(k)-action. There are two more 
PGL2(k)-equivariant contractions /', /" : X — )■ Ve contracting proper 
transforms of D' (resp. D") to curves C" C Ve (resp. C" C Ve) of 
bidegree (2,2). The pairs (V6,C), {Vq^C), and (V6,C"), are isomor- 
phic. These isomorphisms induce an action of the symmetric group 
©3 on X. 

2.6. Case fll.2.8p . The variety X is isomorphic to the blowup of 
pi X pi X pi along an elliptic curve which is an intersection of two 
members of | — ii^^pixpixpi I- Similar to 12.3. II one can easily construct 
examples of symmetric varieties of this type (admitting a G-structure). 

3. Action on the Picard lattice. 

3.1. Lemma. Let V = and let ^ : G ^ GhiV) be a faithful 
representation of a finite group G. Identify G with its image $((?) C 
GL(y) and assume that V'^ = 0. Then there is a subgroup Gq C G 
such that = and 

'2 ifN = l, 

I 2 or 3 ifN = 2, 

' °' I 2, 4, or 6 ifN = 3, 

^5, 9, or divides 3-2^ if N = A. 

Proof. Cases N < 2 are trivial. Consider the case X = 3. According 
to Minkowski's bound (see e.g. |Ser07] ) the order of any subgroup G C 
GL3(Q) divides 48. Assume that there is an element t E G such that 
V^'^'^ = 0. Let ii{t) be the minimal polynomial of r. Then deg /i < 3, /i 
is a product of cyclotomic polynomials (pkif)) and /i(l) ^ 0. Moreover, 
in some basis, r is given by an orthogonal matrix, so /i(— 1) = and 
02 I 1^- Hence, there are the following possibilities: /x = 02, 0204, 0203, 
or 0206- Thus we can take Gq = (r). 
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Now we assume that for any element r G G we have V^^'^ ^ 0. In 
particular, G is not a cyclic group. We also may assume that \G\ > 8. 
If G contains a subgroup Gi G G isomorphic to ^ A*25 then either 
Gi C SL(y) or Gi 3 — id. In the latter case we can take Gq = (— id) 
and in the former case we can take Gq = Gi. Note that GL(\^) 
contains no elements of order 8 and the quaternion group has no real 
faithful representations of dimension < 3. Thus we may assume that 
the order of G is not divisible by 8. We get only one possibility: Sylow 
2-subgroups of G are cyclic of order 4 and G is of order 12. Let Gi C G 
be a Sylow 2-subgroup and let r be its generator. We may assume that 
Gi C SL(V) (otherwise we can take Go = Gi)- Then G C SL(V^). If 
G has an element ^ of order 6, then ^ generates the desired subgroup 
Gq. Otherwise the representation $ : G SL(V") is irreducible. Then 
we must have G ~ 2I4 and Gi is not cyclic, a contradiction. 

Consider the case N = 4. Again according to Minkowski's bound 
(see e.g. |Ser07] ) the order of any subgroup G C GL4(Q) divides 
2'^-3^-5. Again if there is an element r G G such that V^^^^ = 0, then its 
minimal polynomial /i(t) satisfies the following conditions: deg/i < 4, 
/i is a product of cyclotomic polynomials 4>k(t), and /x(l) 7^ 0. In this 
case, we have either /i = 05, 08; (pio, 'P12, or /i divides 02030406- Thus 
we can take Go = (r). 

Now we assume that for any element r G G we have V^^"^^ 7^ 0. Then 
G contains no elements of order 5, 9, and 8. In particular, the order of 
G divides 2^ ■ 3^. Let Gi C G be a Sylow 3-subgroup. By the above, 
we may assume that Gi fi^ x /Xg. In this case V'^'^ = {0} and we 
can take Go = Gi. □ 

3.1.1. Corollary. In notation of Theorem 11.21 there is a subgroup 
Gq d G of order N such that p{X)^° = 1, where 

'1 ifp{X) = 2, 

^^l2or3 ^/p(X) = 3, 

I 2, 4 or 6 z/p(X) = 4, 

^5, 9, or divides 3 ■ 2'' if p{X) = 5. 

Proof. Let V be the orthogonal complement to Ci in PicQ(X) : = 
Pic(X) ® Q. The faithful representation G ^ GL(y) satisfies the 
condition V'^ = 0. Then we can apply Lemma [3.11 □ 



4. Fano conic bundles 

4.1. Definition. Let X be a 

X — 7- Z onto a smooth surface 
fiber is isomorphic to a conic in 



AND DEL PEZZO FIBRATIONS. 

smooth threefold. A morphism / : 
is a conic bundle if every (scheme) 
P^. A morphism f : X Z onto a 



smooth curve is a del Pezzo bundle if / has connected fibers and —Kx 
is /-ample. (In this case a general fiber of / is a del Pezzo surface.) 

4.1.1. Remark. Let X be a smooth Fano threefold and let / : X — >■ Z 

be a surjective morphism with connected fibers. 

(i) If Z is a smooth curve, then / is a del Pezzo bundle and 
Z ~ P\ 

(ii) If Z is a smooth surface and / is equidimensional, then / is a 
conic bundle and Z is rational. 

4.1.2. Proposition ( |MM86l §4]). Let X be a Fano threefold. As- 
sume that X has a conic bundle structure f : X ^ Z . Then 

(i) Z is a del Pezzo surface. 

(ii) The discriminant curve /\ d Z is a curve with at worst ordi- 
nary double points {or empty). 

(iii) p{X/Z) = 1 if and only if for any irreducible curve C G Z its 
preimage f~^{C) is also irreducible. 

(iv) If C d Z is a an irreducible curve such that f^^{C) is re- 
ducible, then C is a smooth connected component of A. 

(v) /.i'2(x) = p(X)-p(Z)+p„(A)-2. 

4.1.3. Corollary. If in the assumptions of Proposition 1^1.21 p(Z) > 
2, then X has a del Pezzo bundle structure. 

4.2. Assumption. iFiom now on we assume that X is a smooth 
Fano threefold satisfying assumptions of Theorem 11.21 By |ProlOj we 
may assume that the Fano index of X is equal to 1 (otherwise X is of 
type fll.2.4p or fll.2.7p ). Thus from now on we assume that Pic(X)'^ 
is generated by —Kx- We also assume that G is the smallest group 
satisfying condition f ll.l.ip (cf. Corollary I3.1.ip . 

4.3. Proposition. Assume that X has a conic bundle structure f : 
X ^ Z over Z = Then X is of type f lTXT]) or f lTXej) . 

Proof According to |MM83l Prop. 6.3] p{X) < 3. By Corollary EUl] 
we may assume that \G\ < 3. Let L C be a line, let F := f~^{L), 
and let A C P^ be the discriminant curve. Let Fi, . . . ,Fn be the G- 
orbit of the class of F in Pic(X), where n = 2 or 3. Write ^ -Fj = aci 
for some a G Z. Take the line L to be sufficiently general, so the 
surface F is smooth. Then we have 

(4.3.1) n{12 - deg A) = riK^ + 4n = n{Kx + Ff ■ F- 

- 2nci ■ F^ = ncl ■ F = cl - ^Fi = ac\ > 0. 
In particular, deg A < 12. 
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First assume that n = 2. As above Fi + F2 = aci and so 

a'd = -(Fi + F,f = -Fl ■ F, = -F^ ■ {F, + F,) = 6c, ■ F' = 12. 

a a a 

Since is even, there is only one possibihty: a = 1, = 12, and 
deg A = 6. By Proposition |4X2] h^'^{X) = p{X) + 7. Then from 
tables in |MM82] we get the case ffTXTD . 

Assume that n = 3. Then p{X) = 3 and A 7^ 0. From (14.3. ip we 
see 3(12 - deg A) = acl So, ac f < 33. 

If a > 2, then from |MM82l Table 3] we get a = 2. Then cf = 
18 — I deg A. Since cf is even, cf = 12 and deg A = 4. But in 
this case, h^'^{X) = p„(A) = 3. This contradicts |MM82l Table 3]. 
Therefore, a = 1 and cf = 3(12 — deg A). In particular, deg A is even 
and c? < 30. Moreover, if c? = 30, then by |MM82l Table 3] we get 
the case (11.2.61) . Thus we may assume that cf < 30. There are the 
following possibilities: 

. deg A = 4, cl = 24, h^'^X) = p,(A) = 3, 

• deg A = 6, cl = 18, h^'^{X) = p„(A) = 10, 

• deg A = 8, cl = 12, h^'\X) = pa{A) = 21. 

All these cases are impossible by the classification |MM82[ Table 3]. 

□ 

4.4. Lemma. Assume that X has a del Pezzo bundle structure f : 
X — 7- and let F be a general fiber. Let Fi, . . . , F„ be the G -orbit of 
the class of F in Pic(X). Write ^ = aci for some a E 1^. Then 

(i) 9n > nKp = acl, a > 0, 

(ii) n>2, \G\ > 2, and p{X) > 3, 

(iii) ac\ is divisible by 3, 

(iv) aK^^ is even, 

(v) ifn = 3, then p{X) = 3 and either 

(a) X is of type (I1.2.5P , or 

(b) c? = 24 andKl = S. 

Proof. We have 

9n > uKl = ncl- F = c\-^Fi = acl. 
This proves (i). Further, 

(4.4.1) 6 5^ ■ F,- ■ = (J]F,)' = a^cl > 0. 

i<j<k 

In particular, acl is divisible by 3 and n > 2. Further, 

2F- J2 Fi-Fj = F- Q^FiY = a^F ■ cj = a^K^. 

i<i<j 
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Hence, a^Kp is even. 

Finally, let n = 3. Then p{X) > 3. If < 12, then by |MM82[ 
Tables 3-5] we are in the case (11.2. 5p . Thus we may assume that 

> 12. Since cf is even, acf < 24. Therefore, a = 1. Let F := F2\f- 
Further, 

1 

-Kf ■ F = ci ■ F2 ■ Fi = Fi ■ F2 ■ Fs = -(Fi + F2 + Fs)^ = -i. 

D D 

Since F^ = ■ F = 0, by Riemann-Roch Kp ■ F is even. Hence cf 
is divisible by 12. We get c? = 24 and = 8. If p(X) > 4, then 
by |MM82l Tables 4-5] we have p{X) = 4 and X is of type (irXSjl . 
But in this case, X has a del Pezzo bundle structure of degree 6, a 
contradiction. □ 

4.5. Lemma. X ^ Z x F^, where Z is a smooth surface. 

Proof. Clearly, Z is a del Pezzo surface of degree 10 — p{Z). Let F be 
a fiber of the projection X = Z x ^ F^. Take an element r & G 
so that "^F is not proportional to F. Then "^F ~ aF + /*L for some 
7^ L e Pic(Z) and a G Z. Since F^ = 0, we have 

= ^F^ . F = . F. 

Hence, = and 2aF ■ f*L = ^ = 0. So, a = and ^F = /*L. 
Further, by Riemann-Roch Kz ■ L is even and 

Kl = cl-F = cl-^F = cl-f*L = (2F - f*Kzf ■ f*L = -AKz ■ L. 

Therefore, = 8 and p{X) = 3. This contradicts Lemma [4. 4[ □ 

5. Proof of Theorem 11.21 

Recall our assumption that Pic(X)*^ is generated by ci and that G 
is the smallest group satisfying condition (11. 1.11) . 

5.1. Consider the case p{X) = 2. Denote the generator of G ~ /Lt2 
by r. Let -Ri and R2 be extremal rays of the Mori cone NE(X) C 
Ni(X) ~ Let /i : X Xj be the contraction of Ri, let A 
be the ample generator of Pic(Xj) ^ Z, and let Mj := f*Ai. By 
Proposition 113] and Lemma 113] we may assume that both contractions 
are birational. Let Di be the exceptional divisor of /j. 

5.1.1. Theorem ( [MM831 Th. 5.1]). The group Pic(X) is generated 
by Ml and M2 . 

By this theorem 



-Kx = ttiMi + 02^2, tti e Z 
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Since Mi + '^Mi and M2 + '^M2 are invariant divisors, we have 

Ml + "Ml = -aiKx, M2 + "M2 = -aa/Tx, 

for some ai, 02 G Z. Then 

-2irx = aiMi + a2M2 + "(aiMi + a2M2) = -(aiOi + a2a2)Kx. 

So, aitti + 0202 = 2. On the other hand, 

Q<2Kl-Mi = Kl- (M, + ^Mi) = aic\. 

Therefore, Oj > 0. This gives us a-i = ai = 1, i.e., 

(5.1.2) "Ml = M2, -Kx = Ml + M2. 

Further, Mf ■ Di = M| ■ L'2 = and M| ■ ^ Di = "Mf ■ ^Di = 0. Hence, 
D2 and "Di are proportional, so "Di = 6D2 for some 6 G Q. Since 
D2 ■ {-Kxf > and "Di ■ (-i^x)^ > 0, 6 > 0. Thus 

Di + bD2 = Di+ ^Di = -cKx for some c G Z>o. 

If fi{Di) is a point, then Mi ■ Di = M2 ■ D2 = 0, i.e. /2(-D2) is also 
a point. In this case, Di (1 D2 = 0. Hence, 

< c^i-Kxf = {-Kx)iDi+bD2Y = {-Kx)-Dl+h\-KxyDl < 0, 
a contradiction. 

Therefore, Ci := fi{Di) are curves. In this case both varieties Xt are 
smooth Fano threefolds. Write —Kx^ = riAi, Ti = 1, 2, 3, or 4. Since 
D2 and "Di are primitive elements of Pic(X), we have D2 = ^Di. 
Then 

-Kx = -FKx, -Di = nMi - Di = ri"Mi - "Di = riM2 - D2. 
This shows that "Di = 1)2 and ri = r2. Put r := ri = r2. Further, 
Ml ■ Ml = Ml ■ M2 = Ml ■ ((r - l)Mi - D^) = (r - l)Mf , 

Ai • Ci = -Ml ■ Df = -Ml ■ ((r - l)Mi - M2)2 = (r - l)(r - 2)M3. 
Therefore, r > 3. We get two possibilities: fll.2.2p and fll.2.31) . 

iFiom now on we assume that p{X) > 3. 

5.2. Proposition. // in the above assumptions p{X) > 3 and X is 
not of type (11. 2. 61) . then X has a structure of del Pezzo bundle of 
degree < 8. 

Proof. If X has a conic bundle structure f : X ^ Z, then by Propo- 
sition U]3]Z 9^ P^. Since Z is a smooth rational surface, there exists 
a surjective morphism Z — )■ with connected fibers. The composi- 
tion map gives a structure of del Pezzo bundle whose fibers F are del 
Pezzos with p{F) > 1. 
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Assume that X has no conic bundle structures. Then by |MM83[ 
(9.1), (9.2), (9.6))] the variety X isomorphic to the blow-up of 
along a disjoint union of a line and a conic. The map X — > can 
be decomposed X — )■ Xi — )■ P^, where Xi — )• P^ is the blow-up of a 
line. In this case Xi has a structure of a P^-fibration over P^. The 
composition X — > Xi — P^ is the desired map. □ 

5.3. Assume that p(X) = 3. By Proposition 15.21 X has a del Pezzo 
bundle structure / : X — )■ Z and by Lemma 14.41 n := \G\ > 2. Let 
F be a general fiber. By Lemma 14.41 we have Kp = 8 and cf = 24. 
According to |MM82t Table 3] we have the following possibilities: 

5.3.1. Case 7°. X is a blow-up of Ve C P^ x P^ along an elliptic 
curve C which is an intersection of two members of | — l-ft'vgl. Then 
projection from C gives us a del Pezzo bundle structure / : X — )■ P^ 
of degree 6. This contradicts Kp = 8. 

5.3.2. Case 8°. X is a member of the linear system |pJ(T*^(l) ® 
^2^(2) I on Fi X P^, where pi is the projection and a : Fi — )■ P^ is 
the blowing up. The composition X Fi — ^ P^, where q is the 
P^-ruling, is a del Pezzo bundle whose general fiber F is a divisor in 
P^ X P^ of bidegree (1, 2). Hence, F is a del Pezzo surface of degree 5. 
This contradicts Kp = 8. 

5.4. Finally, let X be a Fano threefold with p{X) > 4. By |MM82l 
Tables 4-5] cf > 24. Moreover, if c? = 24, then X is a divisor of 
multidegree (1, 1, 1, 1) in P^ x P^ x P^ x P^, i.e. X is of type (fTXSj) . 
Thus from now on we assume that cf > 26 and 4 < p(X) < 5 (see 
|MM82l Tables 4-5]). 

5.5. Assume that p(X) = 4. Then by Corollary I3.L1I n = 2, 3, 4, or 
6. According to Lemma 14.41 (i) 

(5.5.1) 48>nKj, = acl 

and acf is divisible by 3. 

Since, cf > 26, we have a = 1, nKp > 26, and n = 4 or 6. Further, 
by Lemma 14.41 (iv) Kp is even. Hence, is divisible by 12. By 
|MM82l Table 4] we get the following possibility 7°: X is the blow- 
up of Ve C P^ x P^ of type fll.2.4p along disjoint union of curves of 
bidegree (1,0) and (0,1). So, there is an embedding X C Fi x Fi. 
The composition 

X Fi X Fi ^ Fi ^ P^ 

is a del Pezzo bundle whose general fiber is a del Pezzo surface of 
degree 7. This contradicts fl5.5.ip . 
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5.6. Assume that p{X) = 5. Then by [MM82[ Table 5] and Lemma 
14.51 we have two possibihties: 

5.6.1. Case 1°. Then = 28 and X can be obtained as a sequence 
of blow-ups 

where Q is a smooth quadric in P^, g is the blow-up of a conic C G Q, 
and h is the blow-up of three exceptional lines of g. As above, the 
projection Q from C induces a quadric bundle F — )■ P^. The 

composition s : X F — P^ is a del Pezzo bundle whose general 
fiber F is the blow-up of three points on the corresponding fiber of 
y — 7- P^. Hence, F is a del Pezzo surface of degree 5. By Lemma [4.41 
(i) we have 5n = nKp = 28a. Since [Go I is not divisible by 7, we get 
a contradiction. 

5.6.2. Case 2°. cf = 36 and X can be obtained as a sequence of 
blow-ups 

where g is the blow-up of two disjoint lines Li, L2 C P^ and h is the 
blow-up of two exceptional hues C g~^{Li). The projection from 
L2 induces a del Pezzo bundle s : X — > P^ of degree 8 and projection 
from Li induces a del Pezzo bundle r : X — )■ P^ of degree 6. Let F be 
a general fiber of s. Then by Lemma 14.41 (i) 

Sn = —aKx = 36a, 2n = 9a. 

Hence 9 divides n and we may assume that n = 9 and a = 2. By 
Lemma [3.11 and our assumption IGI = 9. Let F' be a general fiber of 
r. Again by Lemma [4.41 (i) 

6n' = -a'K\ = 36a', n' = 6a'. 

On the other hand, n' divides \G\ = 9, a contradiction. 

This finishes the proof of Theorem 11.21 

6. Singular case 

In this section we consider the case of singular G-Fano threefolds 
with p(X) > 1. On this step we may assume that the ground field is 
C. 

6.1. Theorem ( |Nam97] ). Let X be a Fano threefold with terminal 
Gorenstein singularities. Then X is smoothable, that is, there exists 
a flat family X — )• S) 9 over a small disc (D 9 0) C C such that 
Xo — X and a general member Xg, s E D is a smooth Fano threefold. 
Moreover, there is a natural identification Pic(X) = Pic(Xs) = Pic(X) 

so that Kx, = Kx {see |JR06bl §1]). 
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6.2. Now let X be a Fano threefold with terminal Gorenstein sin- 
gularities and let X — 7- 2) 9 be its smoothing as above. We say 
that a reduced irreducible surface C X is a plane if ~ and 
ffs{~Kx) = ^p2(l). We say that a plane C X is contractible if 
there exists a birational morphism / : X — )■ y to a normal variety 
Y such that p{X/Y) = 1, S" is contained into the exceptional locus 
Exc(/) and S does not meet other components of Exc(/) (if there is 
any). Note that, in this situation, Exc(/) is of pure dimension 2 (cf. 
|Kac98l Prop. 1.4]). 

Recall that the nef cone Nef(X) C if^(X, M) is the closed cone 
generated by nef divisors. 

6.3. Proposition. Assume that, in the above notation, X does not 
contain a contractible plane. Then under our identification Pic(X) = 
Pic(X/S)) = Pic(X,), se^ we have Nef(X) = Nef(X/2)) = Nef(X,). 

Proof. Note that X has only isolated hypersurface singularities. Hence, 
by |Gro68t Exp. XI, Corollary 3.14] the variety X is (locally) factorial. 
Let Mhe a. divisor on X, let M := M\x, and Ms ■= M\xs- If M is 
nef, then, obviously, so A^^, is. Thus it is sufficient to show the inverse 
implication. So, we assume that Aig is nef for some s G D and M is 
not nef. Then Ai is also not nef. Let 

Ao := sup{A G Q I AA^ - Kx is nef over D}. 

By the rationality theorem we have Aq G Q and there is an extremal 
ray R on X/D such that {XqM - Kx) ■ R = and Kx ■ R < 0. 
Clearly, AqA^ — Kx is ample on X^. Therefore, the locus Exc(-R) of 
the ray R does not meet X^, so Exc(i?) C X. In particular, this 
means that R is a flipping extremal ray. Then by |Kac98] the locus 
Exc(i?) is a disjoint union of irreducible surfaces Si isomorphic to 
and, moreover, i^Si{—Kx) = i^p2(l). Hence, X contains a contractible 
plane, a contradiction. □ 

6.3.1. Corollary. Notation as in 16.21 Assume that X does not con- 
tain a contractible plane. Let : X^ — > 3s be an extremal contraction. 
Then there exists an extremal contraction f : X — t- 3 over D such that 
the restriction f\x^ coincides with fg. 

6.4. Proposition. Let X be a G-Fano threefold. Then X does not 
contain a contractible plane. 

Proof. Assume the converse. Let C X be a contractible plane and 
let / : X — )■ y be its contraction as in 16.21 Let A be an ample Cartier 
divisor on Y and let M := f*A. Thus M is a nef and big divisor on 
X and M is trivial on S. Now let {Mi} and {Sij} be G-orbits of M 
and S, respectively, where the subscript index i is chosen so that 

13 



is trivial on Sij. Then Mj defines a contraction /j : X — as in 16.21 
and Exc(/j) = UjSij. For each fixed i, the surfaces Sij do not meet 
each other. Assume that the intersection Sij fl Siiji contains a curve 
C for some i i'. Then Mj ■ C = Mj/ - = 0. So, C is contracted by fi 
and fi'. This contradicts p{X/Yi) = p{X/Yi/) = 1. Therefore, any two 
different planes from {Sij} intersect each other by a set of dimension 
< 0. On the other hand, Yliij^ij ^ Cartier divisor proportional 
to —Kx- In particular, Y],- 5"^ is connected and has only a local 
complete intersection singularities, a contradiction. □ 

Let X be a G-Fano threefold with p(X) > 1 (and terminal Goren- 
stein singularities). According to Theorem 11.21 its smoothing is of one 
of the types fll.2.ip - fll.2.8p . In this situation, we say that X is of the 
corresponding type fll.2.11) - f ll.2.8p . 

6.5. Theorem. Let X be a G-Fano threefold with p{X) > 1. 

(i) IfX IS of type i^^T^ or (fTXTD . then X is smooth. 

(ii) // X is singular, then X has the same description as in the 
table of Theorem 11.21 

(iii) IfX is of type (11.2.30 and X is singular, then X is the blowup 
of a quadratic cone in P'^ with center a union of two conies 
that do not pass through the vertex and meet each other trans- 
versely. 

Proof, (i) follows from [Pro 10]. 

To prove (ii) we consider only the case (ll.2.ip . All other cases are 
similar (see l2.3l for the case (ll.2.2p ). Then, in notation of l6.2l and l6.3.H 
p{X/T)) = 2 and the nef cone Nef(X/S5) has two edges. Thus there 
are two extremal contractions fj : X — )■ 3j, = 1, 2 over D 3 0. Let 
Mi, i = 1, 2 be (integral) nef divisors generating edges of Nef(X/2)). 
We can take Aii to be primitive elements of Pic(X/2)) ~ Z®^. Thus 
A^j = f*Ai, where Ai is an ample generator of Pic(3i/2)) — Z. By 
Corollary 16 . 3 . 1 1 the map fi induces an extremal contraction fi^g : Xg — )■ 
3i,s on a each fiber. For a general fiber X^, s ^ we have "^i^s — P^- 
Let /j : X — )■ Zj be the contraction induced on the central fiber 
X = Xo and let Mj := Mi\x- Then Mj = where Ai is an 

ample divisor on Zi. By fl5X2D Mi + Ma = -Kx. Since Mf = 
(Aiilxs)'^ = 0, is a surface and fi is a generically conic bundle. 
Hence, Af = -\Mf ■ Kx = -(A^i|xJ^ ■ Kx, = 1. By semicontinuity 
dim H%Zi,Ai) = dim H%X, Mi) > dim H%Xs, Mi\xJ = 3. Hence, 
by |Fuj75| Zi ~ P^. The map / = /i x /a : X ^ P^ x P^ must be 
finite and G-equivariant. 

14 



Let (di, (^2) be the bidegree of f{X) in x (as a divisor). Then 



Similarly, ^2 = 2/ deg/. Thus di = ^2 and there are two possibilities: 

a) f{X) is of bidegree (2, 2) and / is birational; 

b) f{X) is of bidegree (1, 1) and / is finite of degree 2. 

In the first case, the map / : X — )■ /(X) is birational and finite. By 
subadjunction Kx = f*Kf(^x) —B, where B is an effective divisor. On 
the other hand, Kx = -Mi - M2 = /*^p2xp2(-l, -1) = f*Kf^x)- 
Hence, 5 = 0, f{X) is normal, and / : X — )■ /(X) is an isomorphism. 

In the case b), we note that any irreducible singular hypersurface of 
bidegree (1, 1) in x can be given, in some coordinate system, by 
the equation xiHi + X2I/2 = 0. In this case, the singular locus of /(X) 
consists of one node and /(X) contains exactly two planes. Therefore, 
rkCl(/(X))'^ > 1 and so rkCl(X) > 1, a contradiction. Hence /(X) 
is smooth. 

Now we prove (iii). As above, by Corollary 16.3.11 two extremal 
contractions : X — )■ 3i, = 1, 2 over D 3 Q induce extremal contrac- 
tions fi^s : — )■ 3i,s on a each fiber and for s 7^ the variety 3j,s is 
a smooth quadric. Hence fj induces a birational extremal contraction 
/j : X — )■ Qj on the central fiber X = Xq. Let A^j = f*^j, where Ai 
is an ample generator of Pic(3i/2)) — and let Mj := M.i\x- Then 
Mi = f*Ai, where Ai is an ample divisor on Zj. By semicontinuity 
dim H^{Qi, Ai) > 5. Hence, by |Fuj75| Qi is a quadric in P"^. In par- 
ticular, Kq- is Cartier. Since —Kx is ample, by standard facts of the 
minimal model program Qi has at worst terminal singularities. More- 
over, fi is an isomorphism over the singular locus of Qi. Hence Qi 
is either a smooth quadric or a quadratic cone in P^. Let £j C X be 
fj-exceptional divisor. Since X is factorial, £i is an irreducible Cartier 
divisor. Let Ei := Si\x- Clearly, the divisor Ei coincides with the 
/j-exceptional locus. We have —Kx = Mi + M2 = Ei + E2 (because 
this holds on a general fiber). 

Let G, C G be the subgroup of index 2 that stabilizes Mi (and 
M2). Then the contraction fi is G.-equivariant. Since TkCl{Qi) < 2, 
we have Cl(Qi)^* ~ Z. 

Write Ei = YJj=ihE\^\ where A;^ > 0, r > 1, and Ef'^ are prime 
Weil divisors. Let Vi := fi{Ei) and let = fi{E\^^). Since C1(X)G is 
generated by Kx^, the divisors e\^^ form one G-orbit and ki = 1 for all 
i. In particular, Ei and E2 have no common components and F^-"''' is a 
curve for all j (because Ei 7^ E2 and Ei-E2-Mi 7^ 0). Let D G | —Kx\ 
be a general member and let Di := fi{D). Then Di e\ — Kq-\. Since 



di = ^P2xp2(l, 0) ■ ^P2xp2(l, 0)2 ■ /(X) 



Ml ■ M| 
deg/ 



deg/' 



2 
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the linear system | — Kx \ is base point free |JR06aj , D is a smooth K3 
surface. We may take 5* so that it does not contain non-trivial fibers 
of Ei — )• Fj and meets a general fiber transversely at one point. Then 
D ^ Di is a. finite birational morphism and Di has at worst isolated 
singularities. Since Di is Cohen-Macaulay, it is smooth and D ^ Di 
is an isomorphism. Then 

degTi = Ai-Ti = -Kx ■ Mi ■ Ei = 4, 
-2 = -Kx ■Ef = D- Ef = rf = 2p,(r,) - 2 =^ p,{r,) = 0. 

Since {-KxY ■ Ei = ^{—Kx)^ = 14, r divides 14. Further, since 
-Kx ■ Ml- Ei = A,r divides 4. 

Therefore, r = 1 or 2. If r = 1, i.e., Ei is irreducible, then so 
Ti := fi{Ei) is. Thus Fj is a smooth rational curve of degree 4. In this 
case, Fj is contained into the smooth locus of Qi, fi is the blowup of 
Fj, and X is smooth along E^ [Cut88j . Assume that Qi is singular, i.e., 
it is the projective cone over a smooth quadric ^ x in P^. Let 
Oi G Qi be the vertex of the cone. Then X has a unique singular point 

O e X and fi{0) = Oi. Moreover, O ^ Ei. Since E^ + E2 Kx, 

/i(i?2) ~ ~Kqi- Moreover, /i(-E'2) is singular along Fi. Hence every 
2-secant line to Fi is contained in /i(i?2)- Since Oi ^ /i(i?2), the 
projection of Fi from Oi to W is an isomorphism. Thus Fi is contained 
into a divisor of type (1,3) on Qi. But in this case, the action of G, 
on C\{Qi) ~ Z © Z must be trivial, a contradiction. 

Finally, assume that r = 2, i.e., Ei = E^^^^ + Ef'\ Since the di- 
visors ^ and ^ are not Cartier, G, interchanges Ef and Ef'\ 
Hence, G, interchanges also /i(Ef ■*) and /i(Ef ■*). On the other hand, 
/i(Ef )) + /i(Ef )) ~ -Kq, ~ ^Q,(3). This is possible only if A(Ef 

and /i(E2 ) are not Cartier. So, Qi is the quadratic cone and /i(E2) 
contains its vertex. Again by |Cut88] X is the blowup of Qi along 
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